The space of ultrafilters of a π-system endowed with the topology of Wallman type is considered. The question on the supercompactness of this space is investigated. For this, the enveloping space of maximal linked systems with the corresponding topology of Wallman type is used. Necessary and sufficient conditions for the coincidence of the set of all ultrafilters of the initial π-system and the set of all maximal linked systems for this π-system are obtained. Specific variants of wide sense measurable spaces with this coincidence property are given.
Introduction
In the present paper, we study ultrafilters of wide sense measurable spaces. Every such measurable space is defined by introducing a π-system of subsets of a nonempty set. More precisely, a π-system is a family of sets closed with respect to finite intersections; see [1, p. 14] . We consider only π-systems with "zero" and "unit," i.e., the empty set and the enveloping set are elements of our π-systems. This approach enables the precise description of the ultrafilter set for a given measurable space (in this connection, see [2, 3] ). The ultrafilter set can be equipped with a Wallman type topology. We consider the equipping of this type as a basic thing. In addition, we use a Stone type topology. As a result, a bitopological space is realized. This bitopological space can be considered as a kind of a subspace of the bitopological space of maximal linked systems with Wallman and Stone equippings.
Note that Wallman and Stone type topologies are used in the theory of extension of topological spaces (see [4; 5, Sect. 3.6] and others). Ultrafilters play an important role in general topology. Constructions involving maximal linked systems are used in connection with the notions of topological space; in addition, usually, maximal linked systems of the family of closed sets in a T 1 -space are considered (see [4, Sect. 5.11] , [6] [7] [8] , and [9, Ch. VII, Sect. 4]). We emphasize the important result of [8] on the supercompactness of metrizable compact sets.
In [10] , for superextension constructions, a natural bitopological equipping was realized. In the author's consequent papers [11] [12] [13] [14] , this approach of [10] was extended to the case when a π-system is used as an anticipating measurable structure (the approach of [6] [7] [8] corresponds to the case when this π-system is the lattice of closed sets in a T 1 -space). Thus, in the above-mentioned general case of an arbitrary π-system, bitopological spaces of ultrafilters and maximal linked systems were constructed (see [11] [12] [13] [14] ). In addition, in the case of maximal linked systems, a topology of Wallman type generates a supercompact space.
Recall that ultrafilters are maximal linked systems. But often there are maximal linked systems that are not ultrafilters. The simplest example of such maximal linked system was given in [9, 4.18] . This example plays an important role in questions of representation of maximal linked systems.
At the same time, for some (widely understood) measurable space, all maximal linked systems are ultrafilters; in this connection, see [15, 16] . In the present paper, we investigate this case in more details. It can be interesting because the question on the supercompactness of the ultrafilter space with a Wallman type topology arises. In addition, the supercompactness property is not, generally speaking, hereditary (see [4, Sect. 5.11] ). However, in the case when all maximal linked systems are ultrafilters, the required supercompactness property of the ultrafilter space can be obtained from the similar property of the space of maximal linked systems. This approach reduces to an interesting representation, but requires finding conditions for the above-mentioned coincidence of the ultrafilter set and the set of maximal linked systems. The present paper is devoted to this issue.
General notions and notation
We use the standard set-theoretic symbolism (quantifiers and connectives); △ = stands for the equality by definition and ∅ for the empty set. In what follows, a family is a set whose elements are also sets. We accept the axiom of choice. For any objects x and y, we denote by {x; y} the set containing x and y (as proper elements) and not containing other elements; thus, {x; y} is an unordered pair of the objects x and y. If z is an object, then {z} △ = {z; z} is a singleton containing z as a proper element. For any three objects u, v, and w, we set {u; v; w} △ = {u; v} ∪ {w}. For any objects p and q, (p, q) △ = {{p}; {p; q}} is the ordered pair [17, Ch. II, Sect. 3] with the first element p and the second element q. If z is an ordered pair, then pr 1 (z) and pr 2 (z) are the first and the second elements of z, respectively.
If X is a set, then P(X) is, by definition, the family of all subsets of X, P ′ (X) △ = P(X) \ {∅}, and Fin(X) is the family of all finite sets of P ′ (X); thus, Fin(X) is the family of all nonempty finite subsets of X. Certainly, a family can be used as X. In this connection, we introduce the following notation [12, Sect. 2] for a fixed nonempty family X:
If M is a set and M ∈ P ′ (P(M)), then
is the family dual to M. For any set H and a family H ∈ P ′ (P(H)), we have
For any nonempty family S and a set L, define
If X is a nonempty set and X ∈ P ′ (P(X)), then
is the family of all coverings of the set X by sets of X ; a covering κ ∈ (COV)[X|X ] is called binary if κ = {X 1 ; X 2 }, where X 1 ∈ X and X 2 ∈ X .
Let R be the real line and N △ = {1; 2; . . .}; N ∈ P ′ (R). For n ∈ N, we use the notation 1, n △ = {k ∈ N|k ≤ n}. For a set H, denote by H n the set of all mappings from 1, n into H; thus, elements of H n are n-tuples (h i ) i∈1,n , where h j ∈ H for j ∈ 1, n.
Some special families. In this subsection, we fix a nonempty set I and consider families of P ′ (P(I)), i.e., nonempty families of subsets of I, especially, π-systems. More precisely, let the family of all separable π-systems of (1.2). Finally, we introduce the family
In (1.3), we have a special variant of π-systems connected with the linkedness property that plays a basic role in this paper. We introduce the family of lattices by using only subsets of I. More precisely, let
be the family of all lattices of subsets of I. In addition, the following two particular cases are realized: 
Elements of (1.4) are closed topologies in the sense of P.S. Aleksandrov [18, Ch. 4, Sect. 1]. We introduce the family of all nonempty centered subfamilies of a π-system:
Now, we recall notions connected with bases and subbases of topological spaces. In addition, 
(thus, open and closed bases of the topological space (I, τ ) are introduced). We introduce subbases of open and closed sets in some topology on the set I:
Now, we introduce open and closed subbases of a specific topological space. More precisely, for
In (1.7), the families of open and closed subbases of the topological space (I, τ ) are introduced. For
obtaining the family of all neighborhoods of x in the topological space (I, τ ). In addition, for τ ∈ (top)[I] and A ∈ P(I), we define the closure of A in the topological space (I, τ ):
In what follows, the supercompactness property plays an important role. In this connection, we set
Then, (1.8) is the family of all topologies converting I to a supercompact topological space. A supercompact T 2 -space is called [4] a supercompact set. Certainly, (1.8) can be defined in terms of closed subbases (see [4] [5] [6] [7] [8] [9] ).
The family of ultrafilters and its Stone equipping
In what follows, we fix a nonempty set E and consider its π-systems. Moreover, in this section, we also fix I ∈ π[E]. Then
is the set of all filters of the (widely understood) measurable space (E, I). The simplest variant of a filter is given by the following obvious definition: for x ∈ E,
(2.1)
In (2.1), we obtain the trivial filter corresponding to the point x. Maximal filters are called ultrafilters. Then
is the set of all ultrafilters of the measurable space (E, I). It is known (see [19, (5.9) ]) that
In the general case of I, ∀F ∈ F * (I) ∃U ∈ F * 0 (I) : F ⊂ U (this property is established by the Zorn lemma). Thus, by (2.1), we obtain F * 0 (I) = ∅. Let
In addition, (2.2) and (2.3) imply the following property:
Representation (2.4) plays an important role in the theory of ultrafilters. Note that
In addition,
. Thus, we obtain the topology of Stone type:
In addition, by (2.4), we have the following inclusion: 
Using (2.7), we obtain the following representation: 
As a corollary, we obtain the following property:
From (2.9), we extract the useful equality
In connection with (2.10), we emphasize the constructions from [16, Sect. 2].
Ultrafilters and maximal linked systems; topologies of Wallman type
In what follows, unless otherwise stated, we fix a
, we introduce the topology of Wallman type
In addition, we obtain the topological space
Using (3.1), we also call (3.2) a topological space of Wallman type. To investigate the properties of this topological space, we consider maximal linked systems of the π-system E. More precisely, for X ∈ P ′ (P(E)), we set
Thus, (3.3) is the family of all linked subfamilies of X. Moreover, for Y ∈ P ′ (P(E)), we consider the family of all maximal linked systems of the family Y:
Moreover (see [12, (4.5) ]),
Note the following property [12, Sect. 4] :
Now, we introduce the following families:
In connection with (3.6), we note thatĈ 0
. As a corollary, the following topology of Wallman type is defined (see [12, Sect. 5] ):
is a supercompact T 1 -space for which (see (3.5))
Thus, (3.2) is a subspace of the topological space (3.7) and
Now, we recall the useful corollary of the supercompactness of the topological space (3.7) connected with (3.9); more precisely,
More detailed information on the topological spaces (3.2) and (3.7) can be found in [12, 15, 16 ].
Ultrafilters and maximal linked systems; topologies of Stone type
We recall that, as a variant of (2.6), the zero-dimensional T 2 -space
is defined. We consider (4.1) as a topological space of Stone type. Now, let us recall an analog of (4.1) for the space of maximal linked systems. To this end, note that
Therefore, the following topology is defined:
In addition, topology (4.2) converts E − link 0 [E] to the zero-dimensional T 2 -space
Note that, by [12, Proposition 6.5], we have
Thus, in view of (4.4), we conclude that the topological space
) is a subspace of the topological space (4.3). Moreover, by [12, Proposition 7.1], we have the inclusion
are two bitopological spaces. General properties of these two bitopological spaces are given in [12, 13, 16] . Now, let us recall some statements from [16, Sect. 7] . More precisely, to the end of this section, we suppose that
As a result, we obtain the mapping
acting from E to F ⋆ 0 (E) and the corresponding sets-images
x ∈ A} ∈ P(F ⋆ 0 (E)) for A ∈ P(E). We can consider the closure of every such set both in the topology T 0 E E and in the topology T ⋆ E [E]. In addition (see [16, (7 
From (4.5), we obtain the corresponding density property: 
Proper maximal linked systems
Let us emphasize some properties of the set E − link 0 [E] \ F ⋆ 0 (E). We call elements of this set proper maximal linked systems. Let us observe some properties of such maximal linked systems (more details can be found in [15, 16] ). We first note the following statement from [16] :
Moreover, (4.2) and (5.1) imply the following property:
Finally, using (5.1), we obtain the following equivalence:
3)
Theorem 1. The following equivalence holds:
Then, by (1.3) , we obtain the following implication:
Now, we use (5.2). More precisely, by the choice of M, we have the following property (see (3. 3)):
Since the choice of (5.5) was arbitrary, we have the property
Using (3.5) and (5.7), we obtain the equality E − link 0 [E] = F ⋆ 0 (E). Thus, we have the implication 
Then, by (5.3) , E − link 0 [E] \ F ⋆ 0 (E) = ∅, a contradiction. Thus, the required inclusion E ∈ π ♯ ⋆ [E] holds. Therefore, we have the implication
Using (5.8), we obtain (5.4).
Remark 1. Theorem 1 implies the following equality:
Supercompact spaces of ultrafilters
Consider some corollaries of Theorem 1. The π-systems from (1.3) play an important role in these constructions. The following statement is an obvious corollary of (3.8) and Theorem 1.
Proposition 1 motivates special investigation of specific variants of π-systems from π ♯ ⋆ [E]. Note first the important property connected with the Cartesian product. Let us start with the simplest case. We need new notation. For nonempty families X and Y, we set
Family (6.1) is nonempty. We can use π-systems of nonempty sets as X and Y. In addition, for all nonempty sets X and Y such that X ∈ π[X] and Y ∈ π[Y ], we have
P r o o f. Fix X, Y, X , and Y satisfying our conditions. We have (6.2). Consider arbitrary sets
Then, for some sets
the following representation is valid:
Let relations (6.4) satisfy the conditions
From (6.5) and (6.6), we obtain the following obvious properties:
From (1.3) and (6.7), we obtain
From (6.5) and (6.8), we obtain Λ 1 ∩ Λ 2 ∩ Λ 3 = ∅. Thus (see (6.6)), the following implication hols:
Since the choice of (6.4) was arbitrary, we have proved (6.3) (see (1. 3) and (6.2)).
We now return to the fixed nonempty set E and suppose, unless otherwise stated, that E ∈ π ♯ ⋆ [E] (see Proposition 1). In view of Proposition 1, we conclude that
is a supercompact T 1 -space (see [12, Sect. 5] ). Recall Remark 1: in our case,
From (3.8) and (6.10), we obtain the following equality for the topologies: 
The corresponding proof follows from (6.10), (6.12), and the properties of the familyĈ 0 op [E; E] mentioned in [12, Sect. 5] . In (6.13), we obtained a natural sharpening of Proposition 1.
Remark 2. Note that, by duality, the family (UF)[E; E] in the considered case is a closed binary subbase (see [12, (5.1) ]) of the topological space (6.9). This property follows from [12, Proposition 5.1] and (6.12).
In the next section, we consider specific examples, for which (6.10) and (6.11) are realized.
Examples of supercompact ultrafilter spaces
We first consider the cases when E ⊂ R, where R is the real line (Proposition 2 enables extending our constructions to a vector case). Consider the case when this set E is bounded. More precisely, suppose that E is an interval of R. In addition, we will consider specific sets E.
Let us agree to use only square brackets in the notation of all intervals in follows from the linkedness of the family {Λ 1 ; Λ 2 ; Λ 3 }). As a result, Λ 1 ∩ Λ 2 ∩ Λ 3 = ∅. Thus, we obtain the implication
Since Λ 1 , Λ 2 , and Λ 3 were chosen arbitrary, the required property of the family J 1 (a, b) follows from (1.3), (7.2), and (7.4).
Thus, by Propositions 2 and 4, we obtain many examples of realization of (6.10) and (6.11). In these examples, (6.9) is a supercompact T 1 -space (see Proposition 1). Later, we will provide analogs of (7.1) for the case E = R. Now we first observe a very simple general construction.
Unless otherwise stated, we suppose that E is an arbitrary nonempty set. Suppose that
Then, we obtain the following obvious property:
In (7.5)-(7.7), we have simple modifications of definitions of Section 1 (see (1.2) and (1.3)). Consider now the case when E = R. In addition,
The corresponding proof is an obvious analog of constructions used in the proof of Proposition 4. By (7.8) , we obtain new variants of (6.10), (6.11), and Proposition 1 for the case when E = R and
The direct combination of Propositions 2 and 4 and similar combination of Proposition 2 and (7.8) enable obtaining variants of (6.10), (6.11), and Proposition 1 for subsets of R × R.
The case of generalized Cartesian product
In this section, we consider a natural generalization of Proposition 2. More precisely, we fix nonempty sets X and E. In what follows, for every nonempty set S, we denote by S X (as in [17, Ch. II, Sect. 6] ) the set of all mappings from X to S; we can use a nonempty family as S. In addition, we fix a (set-valued) mapping (E x ) x∈X ∈ P ′ (E) X ; thus, we have a mapping
x −→ E x : X −→ P ′ (E).
(8.1)
Using (8.1) (and the axiom of choice), we obtain the (nonempty) set
In connection with (8.1) and (8.2) , note that
Similarly, we define the set
From (8.3) , we obtain the following obvious representation:
As a corollary, by (8.4) , the following product of sets is defined:
Now, we introduce two variants of the π-system product: usual (similar to the variant applied in the general topology in the Tychonoff product construction) and "box" variants. The latter variant corresponds to the way used in the construction of the box topology.
More precisely (see (8.4 ) and (8.5)), we introduce the usual π-system product for
We note two obvious (but useful) properties. More precisely, for (H
x ) x∈X ∈ P(E) X and (H (2) x ) x∈X ∈ P(E) X , we have
Similarly, for (H
x ) x∈X ∈ P(E) X , (H
x ) x∈X ∈ P(E) X , and (H
x ) x∈X ∈ P(E) X , we have 
In addition, we obtain the following obvious inclusion for (L
P r o o f. We restrict ourselves to the verification of the latter inclusion in (8.12) (the corresponding verification of the former inclusion is an obvious corollary; see (8.11) ). In this proof, we fix 
with the following properties: 
Similarly, from (8.9) and (8.16), we obtain
Then, from (8.17) and (8.19) , we obtain, for x ∈ X, 20) where U x ∈ L x , V x ∈ L x , and W x ∈ L x . However, for x ∈ X, the inclusion L x ∈ π ♯ ⋆ [E x ] holds; therefore, by (1.3) and (8.20) , we have U x ∩ V x ∩ W x = ∅. Using (8.18) (and the axiom of choice), we obtain Λ 1 ∩ Λ 2 ∩ Λ 3 = ∅. Thus, we have proved the implication
Since Λ 1 , Λ 2 , and Λ 3 were chosen arbitrary, by (8.21), we obtain (see
Thus, the theorem is proved (see (1.3) and (8.11)). Now, we observe some cases connected with the realization of our measurable space equipped with the semi-algebra of sets. These measurable spaces are widely used in the probability theory (see [1] ). Let us first give a general definition in terms of π-systems. For this, we fix a nonempty set X. If L ∈ π[X], A ∈ P(X), and n ∈ N, then , we obtain (6.10) and (6.11) .
Consider a more complicated case. We return to (8.1) and (8.2) . For a nonempty set X and (E x ) x∈X ∈ P ′ (E) X , we introduce 
The corresponding proof is obtained by the direct combination of (8.26) and the abovementioned properties of the measurable space (8.23). Thus, by (8.22 ) and (8.25), we obtain one more variant of realization of (6.10) and (6.11) in the class of measurable spaces with a semi-algebra of sets (see Proposition 1).
Conclusion
In this paper, relations between ultrafilters and maximal linked systems on a π-system were considered. The emphasis was on the conditions under which all maximal linked systems are ultrafilters on the π-system. The investigation of the ultrafilter space is important, since in the class of ultrafilters the density properties (see (4.5) and (4.6)) are realized. Therefore, this space can be considered as a kind of extension of the initial set E whose elements play the role of usual solutions. Such interpretation is very natural for extension procedures of extremal problems and attainability problems (see [2, 3, 19, 20] ). More precisely, the ultrafilters can be used as generalized elements. Therefore, it is useful to know as much as possible properties of topological nature. The supercompactness is a very interesting property of such type. We investigate this property identifying ultrafilters and maximal linked systems for a π-system. Of course, this approach is not universal. However, we obtain a positive result for many interesting variants of π-systems. In addition, we use the supercompactness property of the space of maximal linked systems with Wallman equipping.
